We study the relation between two evolution pictures that are currently considered for totally constrained theories. Both descriptions are based on Rovelli's evolving constants approach, where one identifies a (possibly local) degree of freedom of the system as an internal time. This method is well understood classically in several situations. The purpose of this paper is to further analyze this approach at the quantum level. Concretely, we will compare the (Schrödinger-like) picture where the physical states evolve in time with the (Heisenberglike) picture in which one defines parametrized observables (or evolving constants of the motion). We will show that in the particular situations considered in this manuscript (the parametrized relativistic particle and a spatially flat homogeneous and isotropic spacetime coupled to a massless scalar field) both descriptions are equivalent. We will finally comment on possible issues and on the genericness of the equivalence between both pictures.
I. INTRODUCTION
One of the most interesting questions in fundamental physics that is under study nowadays concerns the problem of time. Specifically, in quantum mechanical systems, time is often regarded as a mere parameter that rules the evolution, together with the Hamiltonian, by means of the Schrödinger equation. However, when the theory in question is generally covariant, like in the case of general relativity, time ceases to be an absolute quantity and the Schrödinger equation cannot be applied anymore (at least without further considerations). This has been one of the main conceptual problems in quantum gravity since the Hamiltonian of the system is constrained to vanish and the evolution seems to be frozen within this Schrödinger equation.
Rovelli [1] showed explicitly that the idea of renouncing to a well defined concept of time at the fundamental level and replacing it by a relational evolution where the observables of the model evolve with respect to a physical clock variable (instead of a universal time) seems viable also at the quantum level. More explicitly, one identifies one (or several) of the degrees of freedom of the theory with a physical clock and defines the evolution of the system with respect to this physical time.
This idea has been studied in many totally constrained theories [2] [3] [4] , as well as in more modern approaches for the quantization of general relativity [5] [6] [7] [8] [9] [10] [11] and quantum cosmology [12] . There, one works either in a Heisenberg picture by identifying the observables of the model and represents them on the space of solutions as self-adjoint operators [2, 3, 13] , some of them parametrized in terms of the physical clock. This procedure actually involves in some cases some knowledge about the classical dynamics of the system. Another possibility is to write the constraint equation in an explicit form that resembles the wave equation of either a Klein-Gordon particle [12] or as a Schrödinger-like equation [9] [10] [11] .
In this manuscript we try to reconcile these two pictures in two simple examples: the parametrized relativistic free particle and a spatially flat Friedmann-Robertson-Walker (FRW) spacetime coupled to a massless scalar field. In order to avoid any reference to the previous quantization schemes, we adopt the group averaging technique [14] . It provides the solutions to the constraint as well as a suitable inner product, where the physical Hilbert space can be constructed and the physical observables of the model represented. We argue how the relational evolution proposed by Rovelli can be implemented in the quantum theory. The physical states become parametrized with respect to a physical time after a measurement of the corresponding physical quantity. We provide a unitary evolution operator with respect to the original physical inner product and the observables of the model. We then construct the corresponding Heisenberg picture, which agrees with the one provided in Ref. [3] for the relativistic free particle. In the case of the FRW model, we construct the Heisenberg picture that, to the knowledge of the author, has not been explicitly provided before. This paper is organized as follows. In Sec. II we study the parametrized relativistic free particle.
We provide a full quantization and the evolution pictures for two choices of time. In Sec. III we consider a spatially flat FRW spacetime coupled to a massless scalar field. We quantize the model following loop quantum cosmology (LQC) techniques [12] . Finally, we study the two evolution pictures. In Sec. IV we give a summary of the results and we comment on different aspects and extensions.
II. THE PARAMETRIZED RELATIVISTIC PARTICLE
Let us consider a simple totally constrained model corresponding to the parametrized relativistic particle. It is described by the action
with {x 0 , p 0 } = 1 = {x, p}. Here N is a homogeneous lapse function and m the mass of the particle. One can easily see that a complete set of classical observables is given by p and q :=
x − x 0 p/ p 2 + m 2 (the momentum and position at initial time). They commute with the classical constraint
and are canonically conjugate, i.e. {q, p} = 1.
At the classical level, the dynamics of the model can be defined by means of the evolving constants of the motion. If we choose as internal time T = x 0 , then
where X 0 (T ) and X(T ) are the time and position of the particle, respectively, measured by an observer with proper time T . However, if consider an alternative choice of proper timeT = x 0 − ax (for the observer), 1 with a a real constant, one can easily see that the evolving constants of the motion in this case take the form
In this case, X 0 (T ) and X(T ) represent again the time and position of the particle, respectively, but now measured by an observer with proper timeT .
A. Quantum mechanics
We will study the quantization of the model, but let us before summarize the main aspects considered in Ref. [3] . The basic observables of the model are q and p, and form a conjugate pair.
Then, one adopts a representation of these basic variables as quantum operators on the Hilbert space L 2 [R, dp], admitting a representation of the operator algebra [q,p] = i (in the following we will set = 1). Then, in order to represent the evolving constants of the motion, one promotes the observables in Eqs. 3 and 4 to self-adjoint quantum operators on L 2 [R, dp]. For the choice of time T , the observablesX 0 (T ) andX(T ) do not involve products of noncommuting operators, so their representation as self-adjoint operators follows straightforwardly. Nevertheless, for the choice of timeT , the quantum evolving constants of the motionX 0 (T ) andX(T ) involves products of noncommuting operators, so that they must be defined first as symmetric operators on L 2 [R, dp]
and its self-adjointness must be probed (see Ref. [3] for a detailed discussion). Completing this last step provides a consistent quantization of the model.
Let us now proceed with the Dirac quantization approach [14] . We will assume that the kinematical Hilbert space is H kin = L 2 (R × R, dp 0 dp), which is the natural Hilbert space that admits a representation of the operator algebra
The quantum constraint operator iŝ
The solutions to the constraint, by means of group averaging techniques [14] , are given by (Ψ| = dN e iNĈ ψ| = dp 0 dpδ(
where |e iNĈ ψ := (2π) −1 e iNĈ |ψ . The physical inner product is Ψ|Φ phy = (Ψ|Φ kin = dp 0 dpδ(
Regarding the observables of the model, here denoted byÔ, they can be determined by means of the matrix elements of the corresponding kinematical operators in the kinematical theory. Ifô is any kinematical operator, then
So, for instance, the basic observables of the model can be written (formally) in their respective representations as Ψ|Ô|Φ phy = dp 0 dpdp 0 dpδ(
Let us also notice that if we integrate in p 0 the right hand side of Eq. (7), we get
where p 0 (p) = − p 2 + m 2 and φ(p) := φ p 0 (p), p for any φ in H kin . Then, the physical Hilbert space coincides with L 2 [R, dp] in this case.
This physical picture is, indeed, an abstract theory with no apparent dynamics. In order to achieve a dynamical picture of the model, we need to take into account additional considerations.
The following sections will be devoted to that.
1. Parametrization for x 0 = T As we saw in the classical theory, x 0 can be regarded as a time function. In the quantum theory this corresponds to measuring the observableX 0 with a device that is at rest with the particle.
The result of the measurement will return the value T 0 (a point in the spectrum ofX 0 ). After the measurement, the state of the system will be "projected" on the corresponding eigenstate 2 , which turns out to be
where (Ψ| is the averaged state defined in (6) once the integral in p 0 is carried out. The factor √ 2π has been introduced for convenience. The physical bras (11) , for any arbitrary function ψ(p)
belonging to L 2 [R, dp], define the physical kets
which are all the states belonging to the genuine physical Hilbert space. As we will see below, they will be the starting point in order to construct a Schrödinger-like picture for these physical states evolving with respect to the choice of time T = x 0 .
Let us start by noticing that, for any two physical states |Φ(T 0 ) and |Ψ(T 0 ) Ψ(T 0 )|Φ(T 0 ) = dp ψ * (p)φ(p) = Ψ|Φ phy .
So that, the inner product of the parametrized states |Φ(T 0 ) coincides with the physical inner product if it is computed at the same time surface T = T 0 . We can also define a unitary evolution operator asÛ
Here T is any other expectation value of the observableX 0 obtained by means of a measurement.
One can easily see that this unitary operator maps the original physical state to
The inner product Ψ(T )|Φ(T ) is independent of T and coincides again with Ψ|Φ phy . We can define the matrix elements of the physical observables at an arbitrary time T as Ψ(T )|P |Φ(T ) = dp pψ
In order to obtain the last expression, we introduced the resolution of the identityÎ = dx|x x| in the basis of eigenstates of the operatorx, and we assumed as well that lim p→±∞ ψ * (p)φ(p) = 0.
Regarding the operatorX 0 , since we are working in a Schrödinger-like evolution picture with x 0 = T as a time, it cannot be defined as an observable in this representation. It must be understood as a parameter of the theory out of which the evolution is defined.
As it is well known, since the evolution is dictated by a unitary operator (14), it is possible to define a unitarily equivalent Heisenberg picture. In this case, the states are frozen in time, so that any physical state is of the form of
while the time dependent operators can be defined by means of Eq. (16) by further developing the derivatives, which yields Ψ|P (T )|Φ = dp pψ
In addition, within this Heisenberg-like picture, one can extend the observable algebra in order to incorporate the time-dependent operatorX 0 (T ) = TÎ. It is worth commenting that this set of quantum operators is in complete agreement with the quantum version of the classical observables defined in (3), as well as with the issue of time and deparametrization discussed in Ref. [4] .
Parametrization for
These results are also in agreement with the ones in Ref. [3] , where an additional choice of time was also considered. In particular, it amounts to introduce the time functionT = x 0 − ax. In this case one establishes a measuring device in a coordinate system that is not at rest with the particle.
In this system we measure the corresponding coordinateX 0 , obtaining for instanceT 0 . One can easily define the parametrized states of Eq. (11), but now with respect to the timeT 0 , by means of a unitary transformation, such that
where
These parametrized states can also be constructed by carrying out the canonical transformation
in the solutions (6), carry out the measurement of the observableX 0 , and then undo the canonical transformation in order to express the system in terms of the original phase space variables
It is possible to see that the inner product of two states at the same initial timeT 0 yields, after some straightforward calculations,
So that, the parametrization for the states given in Eq. (19) yields the correct inner product. Since this is valid for any two physical states, this proves in fact thatÛ (T 0 , T 0 ) is a unitary operator.
Again, the evolution operator for the timeT can also be defined aŝ
and the evolved states will be
One can check also here that the inner product Ψ(T )|Φ(T ) does not depend onT and it is equal to Ψ|Φ phy .
Then, we can compute the matrix elements of the basic operators of the model. They are given by Ψ(T )|P |Φ(T ) = dp pψ
As we did above, we will define the Heisenberg picture in this case by means of the unitary operator (22) . The corresponding states are time-independent and take the form
The corresponding inner product agrees with the one in (21) . The matrix elements of the timedependent operators are Ψ|P (T )|Φ = dp pψ
Moreover, we can also extend here the observable algebra in order to incorporate the time-dependent operatorX 0 (T ) =TÎ + aX(T ). Its matrix elements are
Recalling the definition of µ(p) in Eq. (20), it is easy to realize that the operators (26) and (27) are the quantum analogs of (4) on the Hilbert space L 2 [R, dp]. Besides, this definition is in agreement with the quantum evolving constants provided in Ref. [3] .
Let us comment that the coincidence of the inner product (21) together with these timedependent operators (26) and (27) with the construction given in Ref. [3] guarantees their selfadjointness. Let us notice that the only condition that we have imposed in order to properly define them (and which is behind of their self-adjointness) is the fact that lim
So, the correct choice of the operators is automatically implemented in this quantization. This fact can be traced back to the inner product provided by the group averaging technique. It requires to have a well defined, self-adjoint operator corresponding to the Hamiltonian constraint. So that, the kinematical self-adjoint operators are promoted to self-adjoint Dirac observables (those quantum operators that commute with the self-adjoint quantum constraint).
It is interesting to notice that, as it was discussed by Kuchar in Ref. [15] for the parametrized relativistic free particle, different choices of time function changes the initial Cauchy surface and there is no guaranty that the two quantum theories will be unitarily equivalent. However, the situation changes if one restricts the study to stationary foliations. These are in fact the kind of time functions adopted in our manuscript.
III. FRIEDMANN-ROBERTSON-WALKER SPACETIME IN LOOP QUANTUM COSMOLOGY
We will consider now another totally constrained model corresponding to a spatially flat homogeneous and isotropic spacetime coupled to a massless scalar field. In this case, the coordinates in the phase space are given by the scalar field φ and its canonically conjugated variable π φ , so that {φ, π φ } = 1. The geometry, since we will adopt a loop quantization of the model [12, 16, 17] , will be codified in the physical volume v = V 0 a 3 , with V 0 a given fiducial volume and a the scale factor, and the conjugated variable b, proportional to the Hubble parameter. Their Poisson algebra is {b, v} = 4πGγ, where G is the Newton constant and γ the Immirzi parameter [5, 6] .
In this case, the classical action of he model is given by
Here, N is a homogeneous lapse function. There are two phase space functions that commute with the constraint (and consequently with the Hamiltonian): vb and π φ . On shell, only one of them is independent. We will not show here the details, but using the equations of motion and the choice of time φ = T , it is possible to construct the basic observables of the model, given by Ω ± = ±vb,
α , where α = 3 4πGγ 2 , and
As in the relativistic particle, v ± 0 is the initial volume and it is a constant of the motion. It does not commute with Ω ± . In fact, the only nonvanishing Poisson brackets are {Ω ± , v
For instance, we can construct the parametrized observables
It would be possible to study this spacetime at the quantum level following the ideas of the parametrized relativistic particle studied above. This would correspond to the so-called WheelerdeWitt quantization. In Ref. [16] one can find further details, together with a full loop quantization (see also Refs. [12, 17] ). In both cases, a Schrödinger-like representation is adopted. We shall notice that a loop quantization involves a polymerization of one (or even several) of the variables. Hence, at the end of the day, we are not quantizing the classical theory we started with. For instance, if we quantize the model from the point of view of a reduced phase space standard quantization, we may look for a representation of the basic observable algebra [Ω ± ,v
. Nevertheless, in a loop representation, this basic algebra will be different since the quantum representative ofΩ ± would be the polymerized operator corresponding to the classical phase space function (vb).
A. Quantization for periodic functions of b
Let us study the quantization of this model. However, we will not adopt here a genuine polymeric quantization with quasi-periodic functions of the variable b. Instead, we will assume periodicity of b. This choice will allow us to work within a simpler representation, explicitly solvable and incorporating most of the physical aspects of the original one.
Within this quantization, we start with the operator algebra [φ,π φ ] = i and [ e ivb ,v] = 4iπGγ e ivb . A natural kinematical Hilbert space to represent these operators is
, where λ is a constant proportional to the Planck length (it vanishes for → 0).
In this case, we must specify the periodicity condition in L 2 ([−π/λ, π/λ], db). Given any function
involves that the spectrum ofv will be v n (ε) = λ(ε + n), for n ∈ Z. So, qualitatively speaking, the label ε plays a similar role than the one characterizing the superselection sectors in loop quantum cosmology [16] .
The scalar constraint, after a suitable scaling with v, 3 can be represented aŝ
In addition, in the last equality we give the concrete expression for the constraint in the (φ, b)- 
where they fulfill the normalization conditions
Indeed, one can show that the operatorΩ 2 is essentially self-adjoint. This can be proved by looking at its deficiency index equationsΩ 2 |ψ ± = ±i|ψ ± . In the b-representation, they are of the form
One can easily check that they are not normalizable on L 2 ([0, π/λ], db). In addition, the eigenfunctions ofΩ 2 are the same than the ones ofΩ, and they are normalizable in the generalized sense.
We conclude thatΩ 2 is essentially self-adjoint.
It is worth commenting that the operatorΩ 2 plays the same role than the one in Ref. [17] and also the corresponding operatorΘ of Refs. [16, 20] . Nevertheless, their difference is a factor ordering and a global constant factor. Indeed, the operatorΘ of Ref. [20] coincides withΩ 2 (up to a constant factor) if one adopts a kinematical inner product with continuous measure dx = db/ sin(λb) instead if db.
The solutions to the constraint can be easily computed and take the form
The physical inner product is then
As we saw above, in particular Eqs. (8) and (9), the physical observables of the model can be defined by means of the projection of the kinematical ones on the physical Hilbert space. More explicitly, if we integrate (36) with respect to k, we get
where we have defined
Besides, for any ψ(k, ω) andψ(k, ω) in the kinematical Hilbert space, ψ ± (ω) = ψ(ω, k ± ), such that k ± = ±α|ω| with the constant α defined above. The physical Hilbert space is separated in positive and negative frequencies, where each sector coincides with L 2 [R, |ω| −1 dω]. They are orthogonal and codify the same physical information. This form of the inner product agrees with the one given in Ref. [17] and with a particular example of Ref. [21] , analogous to the one under study (the Klein-Gordon particle). Nevertheless, its explicit form does not coincide with the one given in Ref. [20] . But let us notice that, as explained in Ref. [22] , different inner products can be consistently used. There is no tension at all since we can recover the Klein-Gordon inner product of Ref. [20] just by redefining the spectral profiles asψ(ω) = µ(ω)ψ(ω).
In the following, we will restrict the study to the positive frequency sector. So, we will omit the labels (±).
The observables can be constructed by means of their definition on the kinematical Hilbert space and the subsequent projection on the physical one. However, we will give more explicit expressions for them below within the two evolution pictures considered in this manuscript.
The dynamics of this cosmological spacetime has been studied in the context of LQC and the Wheeler-DeWitt quantization [16] [17] [18] 20] and recently reexamined in the formalism of consistent probabilities in Refs. [23, 24] . There the constraint equation is interpreted as a second order evolution equation where the scalar field plays the role of time. In consequence it is possible to construct a Schrödinger-like picture since the second order equation can be written as a first order one (with positive or negative frequency). The solutions to the constraint can be equipped with a suitable inner product on a given initial slice defined by φ = T 0 together with physical observables and a unitary evolution operator. We will provide an analogous description, but following the ideas presented in the previous section for the relativistic particle.
Scalar field as a time φ = T
Since we will consider the scalar field as a time, it is convenient to write the positive frequency solutions to the constraint as
Let us consider a comoving observer that measures the scalar fieldΦ with a device. The result of the measurement will return the value φ = T 0 (a point in the spectrum ofΦ). After the measurement the state of the system will be
We may notice that this definition is not only a projection of the solution state on the state |φ = T 0 , but also we compensate a factor [µ(ω)] 1/2 . 4 This consideration allows us to get the correct inner product
The evolution of the system is determined by a unitary operator whose generator is the conjugated variable to the scalar field φ (the time of the system) once it has been restricted to the solution space, i.e.,Û
The states at a time φ = T are then given by
Regarding the observables of the model, in order to work within the ω-representation, it is more convenient to introduce the set of conjugated observablesΩ anŶ fulfilling [Ω,Ŷ ] = i4πGγ. Their expectation values in this representation are
Besides, the momentum conjugated to the scalar field is simplyΠ φ := α Ω2 . For the operatorsB andV , they can be constructed out ofΩ andŶ by means of the relationŝ
These set of observables requires that
The superscripts mean derivation of order n and m, respectively, with respect to ω. Additionally, one can consider to change to the b-representation
is simply the Fourier transform of the ψ(ω; T ) := [µ(ω)] 1/2 e iα|ω|T ψ(ω) with respect to e ω (b) defined in Eq. (32). The expectation values of the operators are then
Within the Heisenberg picture, and within the ω-representation, the states take the form
It is straightforward to proof that they yield the inner product (41). In order to obtain the explicit form of the time-dependent operatorsΩ(T ) andŶ (T ), it is enough to take Eq. (44) and carry out explicitly some of the derivatives with respect to ω. The result is
Within this picture, we can also define the time dependent operator corresponding to the momentum conjugated to scalar field asΠ φ (T ) := α Ω2 (T ) and the scalar field itself asΦ(T ) = TÎ.
Eventually, the time dependent operators associated withB andV arê
Therefore, we obtain the corresponding quantum evolving constants of the motion for a spatially flat FRW spacetime coupled to a massless scalar field where the latter plays the role of internal time. Unfortunately, the operatorsΩ andŶ , as well asB andV , are formal and they have not been proved to be (essentially) self-adjoint. It will be a matter of future research.
IV. CONCLUSIONS AND FINAL REMARKS
In this manuscript we study the quantization of two simple mechanical models: the parametrized relativistic free particle and a spatially flat FRW spacetime coupled to a massless scalar field. We construct the quantum operator corresponding to the Hamiltonian constraint and apply the group averaging technique. The physical Hilbert space and the observables of the model are provided.
We then construct an evolution picture with respect to a physical time. The unitary evolution is generated by the conjugate variable (restricted to the constraint surface) of the physical time at the quantum level. It is remarkable that experiments in quantum mechanics suggest that time and energy (the generator of time translations) are subject to the Heisenberg uncertainly principle, and our proposal can give a natural explanation, at least in these simple models. We identify the basic quantum observables of the model within a Schrödinger-like picture, for each model, and we construct the Heisenberg-like picture thanks to the existence of a well defined unitary evolution operator.
There are several aspects we would like to comment on the comparison, extension and applications of these results. It is worth commenting that there have been a considerable number of publications regarding the quantization of this FRW model [16-18, 20, 23, 24] . Concretely, our analysis has several parallels with the ideas of Ref. [18] . There, the group averaging technique applied to quantum cosmological spacetimes is compared with a Schrödinger picture in the context of loop quantum cosmology. A description in terms of parametrized observables is not explicitly provided within a Heisenberg picture, but only for the Schrödinger one. Besides, their work is more general in the sense that it can be directly applied in several isotropic cosmological models, like FRW spacetimes with positive or negative cosmological constant, among others. On the other hand, the proposal of the present manuscript, although applied to a particular cosmological scenario (a spatially flat FRW cosmological scenario coupled to a massless scalar field) with a concrete choice of time, it provides general ideas about how other choices of time function (parametrization of the system) can be carried out in the light of the group averaging quantization and its equivalent version in terms of parametrized observables. This is the first time, to the knowledge of the authors, where a quantization of this spacetimes in terms of parametrized observables has been explicitly constructed and interpreted as a Heisenberg-like picture. Besides, the application of these ideas in some recent studies about the quantization of vacuum spherically symmetric spacetimes [25, 26] will provide a better understanding of the model as well as a connection of the quantization based in parametrized observables with the quantization in terms of the group averaging technique and/or the Schrödinger picture commonly employed in cosmological scenarios.
Regarding the application of our analysis to the case in which b is not a periodic function, in a polymeric quantization, one adopts a representation where b is not well defined as a quantum operator, but only its exponentiation on the kinematical Hilbert space, that now turns out to be non-separable. However, this is not an obstacle since the physical Hilbert space has support on separable subspaces: the so-called superselection sectors. The main difficulty is to define an adequate operator corresponding to the connection. However, we may notice that the connection has been defined as a function of the operatorŶ , which seems well defined in the quantum theory.
So we expect that it will be possible to find a suitable representative forB as well. The technical question that we have not studied in detail concerns the properties of the spectrum of the operator Ω. However, it is analogous to theΘ i operators studied in Ref. [27] , where its spectrum was probed.
It is continuous and coincides with the real line.
The second remark regards alternative choices of time for the system. For the FRW space time model we have regarded the relational time as the scalar field. However, in more general situations, like Bianchi I spacetimes [28] , spherically symmetric gravity [25, 26] and Gowdy cosmologies [29] , the connection is admitted as an internal time of the system. This aspect has been investigated in more detail in Ref. [28] (together with the case in which the triad is regarded as an internal time), but its application to a FRW spacetime has not been yet studied. The results provided in this manuscript can be applied to this situation and compared with the traditional treatments where the scalar field is used as a time. We expect that the physical predictions for both choices of time will be unitarily equivalent. However, the conceptual issue that emerges is whether one can carry out a measurement of the extrinsic curvature, that in this case corresponds to the variable b, that is not well defined as an operator. In the asymptotic future and past regions it agrees with the Hubble parameter, but in the high quantum regime it is not possible to identify unequivocally the Hubble parameter with the connection. However, in this high quantum regime, the scalar field can be used again as an internal time and the evolution defined consistently (even for general models where the scalar field interacts with a potential), at least in a very good approximation and for the interesting physical states. Here it would be essential to understand the transformation relating two quantum theories parametrized with respect to two different physical clocks.
The third remark concerns on whether the different choices of time, that have been shown to be equivalent in the cases considered in the parametrized relativistic particle, can affect the predictions in more general situations, particularly in theories with local degrees of freedom. At the classical level one would expect that there will be a well defined symplectomorphism defining the evolution as well as different choices of time should not affect the physical predictions. But the situation can potentially change at the quantum level [15] . For instance, in a canonical quantization, the Schrödinger-like picture is constructed on an initial Cauchy surface determined by a given time function. If we consider a different time function, the initial Cauchy surface changes, and there is no guaranty that two quantum theories on each Cauchy surface will be unitarily equivalent.
Besides, for a given choice of time, it is not clear whether it is possible to construct an operator providing a unitary evolution in the quantum theory. However, all these issues are far beyond the scope of this manuscript, but are fundamental questions that deserve to be discussed and studied in the future.
In addition, we would like to mention that our construction is based on the group averaging technique [14] , allowing us to construct the solutions to the quantum constraint as well as it provides a suitable inner product. However, this group averaging requires that the constraint be (an essentially self-adjoint or) a self-adjoint operator, something that is not guaranteed in general. For instance, those theories showing structure functions in the constraint algebra, like general relativity, have a consistent algebra at the quantum level only if one chooses a non-symmetric factor ordering [30] , spoiling the hermiticity of the corresponding constraints. This impedes the use of group averaging. One can think about formally adopting a group averaging for constraints with a complex spectrum [31] , but this fact has not been yet studied in depth. However, the absence of self-adjointness of the constraints does not impede the quantization. There are several examples around in the literature, where one of the most studied ones is an SL(2, R) model with one diffeomorphism and two Hamiltonian constraints [2, 3] . The solutions to the constraints can be found and the inner product determined imposing reality conditions on the quantum observables of the model.
About the implementation of evolution pictures, like the ones presented in this manuscript, only a Heisenberg-like description has been studied in detail [2, 3] . But we still lack a Schrödinger-like evolution. Consequently, questions about the unitary equivalence of the two pictures as well as the relation of the quantum descriptions for different choices of time have not been fully investigated yet and will be a matter of future research.
Let us conclude by noticing that the parametrized Dirac observables can also be applied in full quantum gravity for the definition of local observables. Hence, there exists the possibility that the two pictures mentioned in this manuscript are also present there.
